The theory of MI-algebras ("Many Identities"-algebras) has been introduced by M. Holčapek and M. Štěpnička recently. These structures motivated by an algebraic formalizations of distinct arithmetics of fuzzy numbers, generalize the standard structures (monoids, groups, fields etc.) by employing a whole set of identity-like elements called pseudoidentitites. This leads to natural questions: which properties of classical algebraic structures related to arithmetics of crisp numbers are preserved also in the case of MI-structures. This paper focuses on MI-groups, particularly on the properties of their homomorphisms. We show that three crucial theorems of isomorphism that are valid in the classical case, are under some conditions also valid in the theory of MI-groups.
Introduction
The concept of MI-groups was introduced by M. Holčapek and M. Štěpnička in [3, 4] and later on elaborated in [5] . The motivation for the introduction of such algebraic structures came from the arithmetics of fuzzy numbers. It is well-known that standard arithmetics of fuzzy numbers that are based on the Zadeh's extensional principle do lack some classical properties of the arithmetic of crisp numbers. Particularly, the following equalities (i) x + (−x) = 0,
are not generally satisfied, for x being a fuzzy number and 0, 1 as the crisp zero and unit element, respectively. In other words, the problem lies in the non-existence of inverse elements for both arithmetic operations on fuzzy numbers. But obviously, this is just the consequence of the crispness of both neutral (identity) elements. However, we also know that in the arithmetics of fuzzy numbers:
x + (−x) =0, xx −1 =1, where0,1 are fuzzy numbers that are located close to 0 and 1 and also from the algebraic point of view, they work similarly to 0 and 1, respectively.
This led the authors in [3, 4] to introduced MIalgebras (e.g. MI-monoids, MI-groups, MI-rings or MI-fields) that naturally generalize standard algebraic structures (monoids, groups, rings or fields) in such a way that they employ so called set of pseudoidentities, i.e., a set of such elements that preserve some but not all properties of classical identities.
It should be noted that the arithmetic of intervals as special fuzzy sets or extended intervals involving infinite intervals has been intensively investigated by Markov [7] . The interesting arithmetic of stochastic intervals can be found in [8] .
In this paper, we focus only of MI-groups as a generalization of one of the most natural algebraic structures. We investigate whether the same or similar concepts, theorems and properties, that are known for groups, hold also in the case of MIgroups. The structure of the paper is as follows. Assuming that readers are familiar with the classical theory of groups we only refer to a relevant source of detailed information [6] and for the sake of brevity, omit any introduction to this theory. We recall the basic definitions, propositions and theorems related to MI-groups. Then we describe the concept of homomorphism of MI-groups, the introduce full MI-subgroups, normal full MI-subgroups and quotient MI-groups. Finally, we state conditions under which the three isomorphism theorems are valid.
MI-groups
MI-group is an algebraic structure based on a generalization of concept of monoid satisfying the cancellation law which is endowed with a monoidal isomorphism representing the inversion. As we have mentioned above the main idea of our generalization of groups consists in the introduction of a set of pseudoidentities which possess similar properties like the identity (neutral) element. As a consequence of the definition we obtain that groups as well as commutative monoids equipped with an involutive operation representing inversion proposed by Bica in [1] (see [2] ) form special subclasses of MI-groups.
In what follows, we briefly recall basic definitions and properties used in this paper. For details including an extensive motivation and examples, we refer to [3, 4, 5] .
Basic definitions Definition 1. A triplet (G, •, E) is said to be an MI-monoid if E is a non-empty subset of G and
• is a binary operation on G such that for any x, y, z ∈ G and a, b ∈ E the following conditions are satisfied:
Elements from E are called pseudoidentity elements (pseudoidentities, for short) and a pseudoidentity e satisfying (M2) is called a (strong) identity element. An MI-monoid G is said to be abelian or commutative if x • y = y • x holds for any x, y ∈ G.
One can see that each MI-monoid (G, •, E) is a monoid (G, •) with an abelian submonoid E (characterizing pseudoidentity elements) which elements commute with each element of G. Each monoid (G, •) is an MI-monoid (G, •, {e}), where e is the identity, therefore, MI-monoids generalize monoids.
The concept of MI-monoidal homomorphism is defined in a common manner. 
Definition 2. Let G and H be MI-monoids. A mapping
f : G → H is a homomorphism of MI- monoids provided (HM1) f (xy) = f (x)f (y) for all x, y ∈ G, (HM2) f (e G ) = e H , (HM3) f (x) ∈ E H for all x ∈ E G ,E G ) = {f (a) | a ∈ E G } = E H , f is said to be an isomorphism. In this case G and H are said to be isomorphic (written G ∼ = H). A homomorphism f : G → G is called an endomor- phism and an isomorphism f : G → G is called an automorphism.
Definition 3. A MI-monoid G satisfies the cancellation law if
holds for any x, y, z ∈ G In contrast to the group structure, where the inverse elements are introduced internally, our definition needs an external unary operation defining the inverse elements. In [2] , the inverse elements are defined using an involutive monoidal automorphism. Since we deal here with MI-monoids being not abelian in general, we consider an MI-monoidal isomorphism of MI-monoid onto its dual which only reverses the order of operands.
For the sake of simplicity and conventional manner, the inversion will be denoted using f (x) = x −1 . An element x ∈ G with x −1 = x is said to be symmetric in G. In the group theory, the symmetric elements are called the elements of the second order, i.e., it holds xx = e. Theorem 1. Let P G be the least submonoid of G containing the set {xx −1 | x ∈ G}. Then P G is an abelian submonoid of symmetric elements of the monoid (G, •).
Sketch of the proof:
where N denotes the set of all natural numbers. It is easy to verify that P G is the least submonoid of G containing X. P
The set P G could be interpreted as the least admissible set of pseudoidentities containing "active pseudoidentities", it means that they are the product of an element and its inversion in G. Now, we can proceed to introduce the concept of MI-groups. 
MI-subgroups
To investigate the isomorphism theorems for MIgroups, we need a suitable concept of MI-subgroup. The following definition straightforwardly generalizes the definition of subgroup.
Definition 7. Let G = (G, •, E) be an MI-group, H ⊆ G and F ⊆ E be non-empty sets. If H = (H, •, F ) is itself MI-group under the product and the inversion of G, then H is said to be an MIsubgroup of G. This is denoted by H ≤ G.
In this paper, we restrict ourselves to the socalled canonical MI-subgroups where the set of pseudoidentities F in the MI-subgroup (H, •, F ) is introduced as the maximal subset of original pseudoidentities in H.
The following propositions belong among the standard ones in group theory.
Theorem 2. Let G = (G, •, E) be an MI-group and H ⊆ G be a non-empty subset. Then, H is a canonical MI-subgroup of G if and only if e ∈ H and xy
−1 ∈ H for all x, y ∈ H.
Sketch of the proof: (⇒) Trivial. (⇐)
The proof consists in a technical yet exhaustive verification of MI-group axioms. P A typical example of canonical MI-subgroup of G is P G .
Theorem 3. Let G be an MI-group. Then P G is a canonical MI-subgroup of G.

Sketch of the proof:
It is easy to verify that e G ∈ P G and xy −1 ∈ P G for any x, y ∈ P G . P
Theorem 4. Let G be an MI-group and {H
Proof: It is easy to see that e, xy −1 ∈ i∈I H i for any x, y ∈ i∈I H i . By Theorem 2, i∈I H i is a canonical MI-group of G. P It is well known that the union of subgroups is not a group in general. Therefore, the least subgroup containing this union is used to define a join of subgroups. The same idea is considered for the union of MI-subgroups. 
Homomorphism MI-groups
A homomorphism of MI-groups is an MI-monoidal homomorphism preserving the inversion and pseudoidentities. The precise definition is as follows.
Definition 10. Let G and H be MI-groups. A mapping f : G → H is a homomorphism of MI-groups if
(HG1) f (xy) = f (x)f (y) for all x, y ∈ G, (HG2) f (x) ∈ E H for all x ∈ E G , (HG3) f (x −1 ) = f (x) −1 for all x ∈ G, (HG4) if f (x) ∈ P H for some x ∈ G, then there is s ∈ P G such that f (x) = f (s),
where E G and E H denote the set of all pseudoidentities of G and H, respectively.
Monomorphism, epimorphism and isomorphism of MI-groups are defined equivalently as for MImonoids. Recall that f (E G ) = E H must be satisfied, whenever f is an isomorphism. The generalization of concepts like the kernel or image of a homomorphism of grups is as follows.
The following theorem shows how the neutral element and the set P G of (active) pseudoidentities elements are preserved with respect to an MI-group homomorphism.
. By the cancellation law, which holds in H, we obtain f (e G ) = e H . P As a consequence of the previous theorem is the fact that each MI-group homomorphism is also MImonoidal homomorphism.
The following theorem belongs among the folklore in group theory and specifies the monomorphism and isomorphism of MI-groups in terms of MIkernels and compositions of two homomorphisms, respectively.
Theorem 6. Let f : G → H be a homomorphism of M I-groups. Then, (i) f is a monomorphism if and only if
MI-Ker f = P G and f restricted to P G is an injective mapping,
(ii) f is an isomorphism if and only if there is a homomorphism
Sketch of the proof: (i)(⇒) Obviously, f restricted to P G is injective and
Since f is injective, s = x and x ∈ P G , therefore,
, we obtain f (r) = f (t) by the cancellation law. Using the assumption on the injectivity of f restricted to P G , we obtain r = t. Hence, xr = yt = yr and, by the cancellation law, we obtain x = y, which implies the injectivity of f .
(ii)(⇒) Similarly to the proof in the case of groups, one can simply check that f −1 satisfies (HG1)-(HG3). The satisfaction of (HG4) is a consequence of f (
f is a bijection. Now, by the definition of isomorphism of MIgroups, it is sufficient to prove that f (E G ) = E H . P
The image of a homomorphism is a typical example of canonical MI-subroups.
Theorem 7. If f : G → H is a homomorphism, then Im f is a canonical MI-subgroup of H.
Proof: According to Theorem 2, we have to check that e H ∈ Im f and xy
Full MI-subgroups
In this paper, we restrict our investigation of isomorphism theorems to a special subclass of normal MI-subgroups which are called full MI-subgroups. This subclass consists of MI-subgroups which could be characterized as the most similar structure to the classical subgroups because it imitates the properties of subgroups. For example, if H is a subgroup of a group G then H as a subset of G which is closed in the following sense. Note that the same property is not valid for the MI-groups in general.
Definition 12. Let G be an MI-group and H ⊆ G be a non-empty subset. The set H is said to be closed in G if xs ∈ H for x ∈ G and s ∈ P G implies x ∈ H. The set
The closure of a subset can be expressed directly as the following theorem demonstrates.
Theorem 8.
Let G be an MI-group and H be a non-empty subset of G. Then, H = {x ∈ G | ∃s ∈ P G : xs ∈ H}.
Proof: Obvious. P Now we can approach to the definition of full MIsubgroups.
Definition 13. An MI-subgroup H of an MI-group G is said to be full and denoted by H ≤ f G if (i) H is a canonical MI-subgroup of G, (ii) H is a closed set in G, and (iii) P G ⊆ H.
The following theorem shows that the closure of a canonical MI-subgroup is a canonical MI-subgroup which can be used for the construction of full MIsubgroups.
Theorem 9. Let H be a canonical MI-subgroup of G. Then, H is again a canonical MI-subgroup of G.
Proof: Obviously, e ∈ H. If x, y ∈ H, then xs, y −1 t ∈ H for suitable s, t ∈ P G , which implies xsy −1 t = xy −1 st ∈ H, therefore, xy −1 ∈ H. By Theorem 2, H is a canonical MI-subgroup of G. P A typical example of full MI-subgroup is the canonically defined MI-subgroup from the closure of MI-kernel of a homomorphism of MI-groups.
Theorem 10. Let f : G → H be a homomorphism of MI-groups. Then, MI-Ker f ≤ f G.
Proof: By Theorem 9, it is sufficient to show that MI-Ker f is a canonical MI-subgroup of G. Obviously, e G ∈ MI-Ker f . If x, y ∈ MI-Ker f , then f (x), f (y) ∈ P H . By Theorems 2 and 3, we have f (x)(f (y)) −1 ∈ P H which implies xy −1 ∈ MI-Ker f . Hence, MI-Ker f is a canonical MI-subgroup of G by Theorem 2. P
To introduce a similar concept to the normal subgroups in this new settings we need a suitable generalization of (left, right) congruence.
Definition 14. Let H be a full MI-subgroup of an MI-group G and x, y ∈ G.
We say that x is right congruent to y modulo H denoted x ≡ r y (mod H) if there exists s ∈ P G such that xsy −1 ∈ H. We say that x is left congruent to y modulo H denoted
It is easy to check that if x ≡ r y, then xc ≡ r yc for any c ∈ G and analogously for the left congruence. Indeed, if c ∈ G and x ≡ r y, then there is s ∈ P G such that xsy −1 ∈ H. Since P G ⊆ H and cc −1 ∈ P G , it holds xsy
−1 ∈ H and xc ≡ r yc.
(i) Right (resp. left) congruence modulo H is an equivalence relation on G.
(ii) The equivalence class of x ∈ G under right (resp. left) congruence modulo H is the closure of Hx = {hx | h ∈ H}, (resp. xH = {xh | h ∈ H}) in G.
(iii) |Hx| = |H| = |xH|.
Sketch of the proof:
We will write x ≡ y for x ≡ r y (mod H) and prove the theorem for the right congruence and the closures of the right cosets.
(i) The equivalence can be proved similarly to the case of groups with the help of the axiom (M4).
(ii) Put x = {y ∈ G | y ≡ x} and Hx = {hx | h ∈ H}. One can simply check that x = Hx.
(iii) Let us define f : H → Hx and g : Hx → H by f (y) = yx for all y ∈ H, g(y) = yx −1 for all y ∈ Hx.
It is easy to see that f and g are one-to-one mappings, which implies that |H| ≤ |Hx| and |Hx| ≤ |H|, therefore, |H| = |Hx|. P
In the next part, the following denotation is used. If H ≤ f G and x ∈ G, then a right coset of H in G is the set Hx and a left coset of H in G is the set xH.
Corollary 12. Let H ≤ f G. (i) G is the union of the closures of the right (left) cosets of H in G.
( 
ii) Two closures of right (left) cosets of H in
Normal MI-subgroup
In this part, we restrict ourselves to full MIsubgroups and introduce the concept of normal MIsubgroup which is intimately related to homomorphisms similarly as in the case of normal subgroups. Let us start with a useful lemma. Define HK = {hk | h ∈ H & k ∈ K} for arbitrary subsets of an MI-group G.
Lemma 13. Let H and K be a non-empty subsets of an MI-group G. Then,
Proof: We will prove the first equality. The second one can be demonstrated using same arguments. Since H ⊆ H, it holds KH ⊆ KH and KH ⊆ KH. If x ∈ KH, then xs ∈ KH for some s ∈ P G . Therefore, xs = kh for some k ∈ K and h ∈ H. Since h ∈ H, there exists t ∈ P G such that ht ∈ H. Therefore, xst = kht ∈ KH and x ∈ KH, since st ∈ P G . P Let us proceed with a statement that belongs to the folklore in group theory and that characterizes the properties of normal MI-subgroups.
Theorem 14. Let H ≤ f G. Then the following conditions are equivalent (i) the left and right congruence modulo H coincide; (ii) the closure of each left coset of H in G is the closure of a right coset of H in G;
(iii) xH = Hx for all x ∈ G;
Proof: (i) ⇔ (iii) Obviously, two equivalence relations R and S are identical if and only if the equivalence class of each element under R coincides with its equivalence class under S. In this case the equivalence classes are the closures of left and right cosets with respect to H.
(ii) ⇒ (iii) If xH = Hy for some y ∈ G, then x ∈ Hx ∩ Hy which implies Hx = Hy, since two right cosets are either equal or disjoint. Hence, xH = Hy = Hx.
for some s ∈ P G and h ∈ H. Since xH = Hx, then xh ∈ Hx which implies xht = h x for some t ∈ P G and h ∈ H. Hence, xhx
Therefore, we obtain ys = xhx −1 ∈ H and y ∈ H by the closure property. Since H = H, we obtain xHx −1 ⊆ H.
Similarly, one can prove the implications (iv) ⇒ (v) and (v) ⇒ (iii). P
Definition 15. A full MI-subgroup H of an MIgroup G which satisfies the equivalent conditions above is said to be normal MI-subgroup of G. We write H ¡ G if H is normal in G.
An example of normal MI-subgroup of G is the canonical MI-subgroup P G .
Theorem 15. P G ¡ G.
Proof: By Theorems 3 and 9, P G is a full MIsubgroup of G. By Theorem 14 and Lemma 13, to check the normality of P G , it is sufficient to verify that xP G = xP G = P G x = P G x holds for any x ∈ G. Let x ∈ G and y ∈ xP G . Then ys = xt = tx for suitable s, t ∈ P G . Hence, ys ∈ P G x, which implies y ∈ P G x and xP G ⊆ P G x. The inverse inclusion also holds, which concludes the proof. P
Recall that H K denotes the canonical join of MI-subgroups H and K of G.
Sketch of the proof: (i) By Theorem 4, H
(ii) It immediately follows from H ≤ f H K.
(iii) Trivially HK ⊆ H K. The opposite inclusion can be proved by the expression of elements of H K by the finite products of elements of H and K. Using the normality of H, these products can be expressed in the form hks for some h ∈ H, k ∈ K and s ∈ P G . P
The quotient MI-group is defined as a triplet with two non-empty sets and new operation. The elements of quotient MI-group are sets of closures of cosets. The operation on closures of cosets is defined analogously as in the classical theory of group.
Theorem 17. If H ¡ G, G/H is the set of closures of all (left) cosets of H in G and E/H is the set of closures of all cosets xH for x ∈ E, then G/H = (G/H, , E/H) is an MI-group under the binary operation given by
xH yH = xyH and the inversion given by
Sketch of the proof:
The proof consists in the technical yet exhaustive verification of the correctness of defined operations and the MI-group axioms. P
The following lemma demonstrates that each quotient MI-group G/H has only one "active" pseudoidentity that is necessary equal to the strong identity element. Therefore, each quotient MI-groups can be in some sense interpreted as a common group (with pseudoidentities that are, however, unimportant from the group perspective).
The following theorem shows a relationship between normal MI-subgroups and MI-kernels of homomorphisms.
−1 ∈ P H and f (k) ∈ P H by the definition of MI-kernel. Therefore, xkx −1 ∈ K and xKx −1 ⊆ K for any x ∈ G. Since K is closed, then also xKx −1 ⊆ K and, by (iv) of Theorem 14, we obtain that K is normal in G.
By the definition of the product of closures of left cosets, we obtain π(xy)
The axiom (HG4) immediately follows from the fact that P G/H = {H} by Lemma 18 and π(e G ) = H.
Hence, π is a homomorphism of G to G/H, which is clearly surjective. Therefore, π is an epimorphism.
Finally, we will prove that MI-Ker π = H. If h ∈ H, then π(h) = hH = H, since h ∈ H ∩ hH and the closures of two left cosets are either disjoint or equal. Therefore, Proof: The first two parts immediately follow from Theorem 9 and the definition of normal MIsubgroups. To demonstrate K/H = K/H, it is sufficient to prove that K/H ⊆ K/H, the opposite inclusion follows from K ⊆ K. Recall that H is full, therefore, P G ⊆ H. Now, if xH ∈ K/H, x ∈ K, then xs ∈ K for some s ∈ P G . Since also s ∈ H, we obtain xs ∈ xH. Therefore, xsH = xH, since two left cosets are either disjoint or equal. Hence, each left coset in K/H is also a left coset in K/H, i.e., K/H ⊆ K/H. P
Three isomorphism theorems
To show the main theorem and its consequences we need to introduce a weaker concept of epimorphism called quasi-epimorphism. The quasi-epimorphism is defined with the help of congruence as follows. 
Sketch of the proof:
To prove the first statement one has to check thatf :
for any xK ∈ G/K defines a unique homomorphism making the diagram commutative.
If yP H ∈ π 2 (Im f ), then yP H = f (x)P H =f (xK) for some x ∈ G. Therefore, yP H ∈ Imf and π 2 (Im f ) ⊆ Imf . Similarly, one can check the opposite inclusion.
If xK ∈ MI-Ker f /K, where x ∈ MI-Ker f , theñ f (xK) = f (x)P H = P H , since f (x) ∈ P H . Hence, xK ∈ MI-Kerf and MI-Ker f /K ⊆ MI-Kerf .
Iff is an isomorphism and y ∈ H, then there exists x ∈ G such thatf (xK) = f (x)P H = yP H , which implies f (x) ≡ y (mod P H ). Therefore, f is a quasi-epimorphism. The equality MI-Ker f = K can be simply proved from P G/K = {K}.
It is easy to see thatf is surjective. If f (xK) =f (yK) for some xK, yK ∈ G/K, then, according Corollary 12, f (x)P H = f (y)P H implies f (x) −1 f (y)s ∈ P H for some s ∈ P H . Since f is an epimorphism, there exists t ∈ P G such that f (x −1 yt) ∈ P H and x −1 yt ∈ MI-Ker f . Therefore, xy −1 ∈ MI-Ker f = K, which implies xK = yK andf is an injective mapping. P Since π is the canonical epimorphism,π has to be an epimorphism, i.e., Imπ = G/H. Moreover, H/K = MI-Kerπ as was demonstrated above. Then, using Corollary 24 and Imf = G/H, we obtain (G/K)/(H/K) ∼ = (G/H)/P G/H ∼ = G/H, and the proof is finished. P
Theorem 22. If one of the following conditions is satisfied
(i) P H = P H , (ii) f is
Conclusions
In this paper, we developed a part of MI-group theory devoted to the crucial isomorphism theorems which are well known in group theory. We repeated the basic notions related to MI-groups and introduced the concepts of normal MI-subgroup as a special full MI-subgroup and quotient MI-group. The isomorphism theorems was proved as special corollaries of more general theorem. For the second and third isomorphism theorem, we had to assume that the set of pseudoidentities contains just symmetric elements.
Since the quotient MI-groups in the setting of full MI-subgroups have the group structure, there is a natural question if the isomorphism theorems are also true for the non-full MI-subgroups. We leave this non-trivial question to our future reseach.
